An elastic analysis is presented for the tensile stretching and bending of a plate containing a surface crack penetrating part-through the thickness, Fig. 1 
Introduction
TIG. 1 shows the configuration studied here. An elastic plate of thickness h, and of infinite planar extent, contains a surface crack penetrating part through the thickness. At remote distances from the crack site, the plate is subjected to loads equipollent to a uniform simple tension in the s 2 -direction and to pure bending about the rr-i-direction. This configuration, and its variants for curved shells rather than plates, is of considerable interest in the fracture resistant design of pipelines, reactor vessels, pressurized fuel tanks, and other plate and shell structures.
An exact analysis for the elastic stress-intensity factor along the crack front is precluded by the decidedly three-dimensional nature of the problem. Thus an approximate analysis is developed here, which appears more nearly exact when the surface length of the crack (distance 2o in Fig. 1 ) is large compared to the plate thickness. The approximation relies heavily on the known solution for an edge cracked strip in plane strain as in Discussion on this paper should be addressed to the Editorial Department, ASME, United Engineering Center, 345 East 47th Street, New York, N. Y. 10017, and will be accepted until April 20, 1972. Discussion received after the closing date will be returned. Manuscript received by ASME Applied Mechanics Division, October 8, 1970 . Paper No. 71-APM-20. subjected to an axial force iV and moment M per unit length in the direction of plane-strain constraint. In particular we shall employ the exact expressions for the stress-intensity factor and for the increase in compliance due to introduction of the crack, from the solution for the edge cracked strip in plane strain, as a basis for approximate analysis of the part-through surface crack. Note that the plane-strain configuration in Fig. 2 corresponds to the configuration in Fig. 1 in the special case for which the surface length 2a of the crack is infinite and the crack depth l{xi) is constant.
The following procedure is adopted: Let Tij{x\, xi, x 3 ) be the stress state in the three-dimensional body in Fig 
/:
• + A/2 M n (x h 0) = | x 3 Tn(xi, 0, Xi)dx 3 -A/2
as the net force and moment, per unit length in the ^-direction, which act on the plane x% = 0 containing the crack. For the approximation, we shall assume that the stress-intensity factor at a point along the crack front with coordinate x\ is identical to the stress-intensity factor for an edge cracked strip in plane strain, Fig. 2 , subjected to an axial force and moment equal, respectively, to Nii(xi, 0) and M 2 i(xi, 0), and having a crack depth equal to l(xi). This method of approximating the stress-intensity factor appears most appropriate along the central section of the crack shown in Fig. 1 , but much less appropriate near the ends where the cracks intersects the free surface. Fortunately, the stressintensity factor along the central section, where breaking through to the far plate surface is imminent, is of considerable practical interest. Later, we shall discuss a more elegant method for approximating the stress-intensity factor, based on its relation to the variation of potential energy with crack position, and show (via the Appendix) that the latter method leads to the same approximation as just outlined. Thus, to determine the stress-intensity factor at points along the crack tip, we must compute the force and moment transmitted across the cracked section. We obtain these through the simple approximate theories of generalized plane stress and Kirchhoff-Poisson plate bending, employed in conjunction with a representation of the part-through surface crack as a continuously distributed line spring with compliance coefficients chosen to match the compliance of an edge cracked strip in plane strain.
Specifically, the problem in Fig. 1 is formulated as the twodimensional problem of simultaneous plane stress and plate bending for an infinite sheet in the xi, Xi plane, subjected to remotely uniform stretching and bending loads, and containing a line discontinuity on the zi-axis from -a to +o, as shown in Fig. 3 . The line discontinuity represents a spring having both stretching and bending resist? nee. Let
be the opening displacement along the line of discontinuity (+ and -signs referring as in Fig. 3 to top and bottom limits along the discontinuity), and let be the angle of rotation of one side of the discontinuity relative to the other. (Here we use the two-dimensional notation of plate theory, Ui(xi, £2) and Ui(xi, x%) being thickness averaged in-plane displacements, and us{xi, Xz) being the transverse displacement.) Both 8 and 6 are taken to be linear functions of the net force Nn{xi, 0) and moment Mn(xi, 0) transmitted across the line of discontinuity. We choose these functional relations by returning to the two dimensional plane-strain problem in Fig. 2 . For a given net force and moment on the strip, the presence of the crack will cause the displacement and rotation of one end relative to the other to increase over the values which would result in an uncracked strip. These increases are identified as 5 and 6, and the exact functional relation to the net force and moment for the edge cracked strip is adopted for the line of discontinuity in Fig. 3 . Thus we are lumping the increased compliance due to the crack into the continuously distributed spring. The spring constants will, of course, depend on Xi since the crack depth l(xi) is variable. This relation of 5 and 6 to the force and moment provides the boundary condition along the discontinuity, and solution of the problem leads to expressions for the force and moment from which the stress-intensity factor is calculated.
The details of calculation, outlined in the following sections, lead finally to two coupled integral equations for the net force and moment transmitted across the line of discontinuity. By virtue of a convenient approximation for the variation of spring constants with xi, a solution of the integral equations is obtained which involves constant net force and moment. This solution compares rather favorably with exact solutions of the integral equations obtained by digital computation. Resulting values for the stress-intensity factor in the central section of the crack are presented graphically for a range of parameters.
For notation, it turns out to be more convenient to use the thickness average stresses a a p and nominal bending stresses m a p, defined b}' 
x S T a^d x 3 1 Thus, for example, Fig. 2 shows the remote loads on the edge cracked strip in terms of c and m, and the remotely applied loads on the configurations in Figs. 1 and 3 are denoted by <7" and m ro . Note that two approximations are involved in the procedure just outlined. The stress-intensity factor is calculated from Nn(xi, 0) and Mn(xi, 0), according to the exact expression for the edge cracked strip in plane strain. The force and moment are calculated from two-dimensional plane stress-plate bending theory, with the cracked section represented as a continuous line spring having compliance matched to that of the edge cracked strip in plane strain. One could equally well adopt only the second approximation, and compute from it the total potential energy of the system (i.e., strain energy of stretching and bending stress fields in the plate, plus energy of the line spring, plus potential energy of the load system) as a functional of crack depth. Then Irwin's [l] 1 relation between the variation in potential energy, accompanying a variation in crack depth, and the stressintensity factor could be employed as a basis for calculating the stress-intensity factor. It is shown in the Appendix that this method leads to the same expression for the stress-intensity factor as does the first approximation indicated previously. (The Appendix relies on notation introduced in the next two sections.)
Edge Cracked Strip in Tension and Bending (Fig. 2)
For the plane-strain problem in Fig. 2 , it is well known [1, 2] that the near crack-tip stress state in an isotropic linear elastic material has the singular form
where K is Irwin's stress-intensity factor and /i,(oj) is a set of functions of the orientation angle, which are identical for all symmetrically loaded crack configurations. The functions are normalized so that Tii -*• K(2-!rr)~1^2 as r -*-0 on the ray w = 0. By dimensional considerations, it is clear that for the tension and bending loading in Fig. 2 ,
where g t and g b are dimensionless functions of the crack depth to thickness ratio l/h. From Koiter's [3] solution for an edge crack in a half plane, it is clear that
More generally, one may use the well-known boundary collocation solution by Gross and Srawley [4] 
where £ = l/h = crack depth to thickness ratio. These equations were originally presented as being for the range 0 < £ < 0.7.
In the sequel, numerical results for the stress-intensity factor at the center point of the configuration in Fig. 1 will be presented in the form of a ratio of K to the stress-intensity factor for an infinitely long crack (a -*• m ), of depth equal to that at the center point, and subjected to the same remote loading for ratios of maximum part-through crack depth to plate thickness l 0 /h in the range 0.1 ^ l"/h ^ 0.7. Now, as in the last section, let 8 and 6 be the additional displacement and rotation of one end of the strip relative to the other, due to introduction of the crack. Since h8 is the generalized displacement associated with <r, and h % 6/% the generalized displacement associated with m, we may write
where A lh = A bl by elastic reciprocity. The compliance coefficients A\ft depend only on I and vanish when 1 = 0. It is straightforward to generalized Irwin's [1] relation between the potential energy-release rate,
and the rate of change of compliance with crack length to cases for which there is more than one generalized force. For example, if only <r acted in Fig. 2 , and m was zero, we would have h8 = A u a and, following Irwin,
The proper generalization for combined tension and bending is
Now, if we equate common coefficients in the quadratic forms of equations (10) and (12), recalling that the compliance coefficients are symmetric, we can solve for dAx^/dl. After integrating, the equations for 8 a nd 6 may be put in the forms
• Numbers in brackets designate References at end of paper. E where the a's are dimensionless compliance coefficients, depending on the crack depth to thickness ratio l/h, and defined by
(W)
If we insert the series from equations (8), each compliance coefficient may be represented in the form «x* = ? E CV">£»;
where the coefficients Cx M <"> are listed in Table ] . Fig. 4(a) shows a plot of the stress-intensity coefficients (g" g b ) introduced in equations (6), (8), and Fig. 4(b) shows the dimensionless compliance coefficients (a," a tb , a bb ), all as functions of the crack depth to thickness ratio l/h. As noted earlier, we will employ equations (13) relating (o, (?) to (c, m) as a boundary condition along the line of discontinuity in Fig. 3 , which represents the part-through crack in Fig. 1 . Okamura, et al. [5] have presented a similar calculation of the compliance increase due to a crack, in their treatment of the notched column under compression. They consider the notched column as equivalent to two unnotched columns joined together by a torsional spring, with the spring constant chosen to simulate the compliance increase due to the notch. This is, of course, similar to the use of the compliance calculation in the present analysis. However, they considered a compliance analogous to an, only, and have neglected the rotation induced by the axial load (i.e., the effect of a bl in equations (13)). Thus their results can apply only in cases for which the nominal bending stress overwhelms the average compressive stress.
Tension and Bending Stress Fields
It is well known that solutions to two-dimensional problems in the approximate theories of generalized plane-stress and Kirchhoff-Poisson plate bending may be represented in terms of analytic functions of z = Xj + ixi [6, 7] : 
Here <j>,(z), tptiz) and 4> b (z), ^(z) are analytic functions of z, and the bar over a quantity denotes the complex conjugate. Also, the transverse shears V a are defined as the integral of Ts a across the thickness. In our problem (Fig. 3) , the tension and bending fields are coupled by the boundary conditions along the line of discontinuity, which relate 5 and 6 to the values of on and m 2 2 transmitted across the discontinuity. We shall impose these conditions shortly, after separately constructing tension and bending solutions in terms of the as yet unknown stresses c(*i) = (Tll(Xi, 0), acting on the discontinuity.
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(Here the inverse square-root function has its branch cut on the discontinuity, and behaves as z _1 for large z.)
Similarly, for the bending problem, vanishing of the Kirchhoff shear
along the .Ti-axis (by symmetry) and loading conditions at co require
and apart from multiplicative factors, this is the opening displacement (rotation) at X due to a point in-plane force (moment) at T. Note that 0 is symmetric in X and T.
Integral Equations Along Discontinuity; Variational Principle
We insist that the separation and relative rotation along the discontinuity be related to the tension and bending there by equations (13). When inserted into the foregoing equations, the resulting integral equations for <r and m, to be solved in the range |X| < 1, are
Along the line of discontinuity,
The solution, consistent with conditions at oo and single-valued plate deflection, is
To impose boundary conditions in the form of equations (13) along the discontinuity, we must first solve for § and 6 as defined by equations (2) and (3). If <f>, and 4> b are both chosen to vanish at z = -a, then one may show from equations (16) and (17) and those above that
G(X, T)m(T)dT
Note that the compliance coefficients ax/i as defined by equations (14) and (15) are functions of the crack depth to thickness ratio l/h. Since I is some prescribed function of x u we adopt the notation ax^(X), although it should be remembered that these functions will also have a quantity such as 1(0)/h as a parameter. Once a and in are determined from the integral equations, the stress-intensity factor at points along the crack tip is given by equation (6) .
It may be readily shown that the integral equations are equivalent to the following variational principle: The functional Q[a(X), m(X)] is minimized by the functions a(X) and m(X) constituting a solution of the problem, or AO[tr(X), m(X)} = 0 to first order for arbitrary variations Aa(X) and Am(X)
from the correct solution, where
To obtain <j>, and 4> b from equations (21) and (24), one needs a result of the form
r;r:
X, T)a(X)a(T)dXdT
-<r ro I Vl -X 2 <r(X)aXf I
G(X, T)m(X 3(3 -(-v)(\ -v)h \ 2 )m(T)dXdT a(t -z)
Let us introduce the dimensionless variables
and write <5(X) for 8(xi), m(T) for m(t), etc. Then, employing
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Indeed, 0 may be shown to be the complementary energy of the plate and continuously distributed spring, apart from a multiplicative constant and a divergent additive term which does not
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depend on a or m. Thus the variational principle is just the complementary energy principle, but employed in such a way that we have used full solutions of the plane stress and plate bending equations to reckon the energy stored at material points away from the discontinuity in terms of the values of a and TO along the discontinuity. Of course, the first integral represents the energy of the continuously distributed spring.
Solution for a Special Case and Simple Approximation
It may be shown that
Thus, if each of the dimensionless compliance coefficients varied in the form ax"(X) = ax/Vl -X 2 , where ax/ = constant, (33) then the solution of the integral equations is clearly that a and m are constants given by
1 -v* h la lt°c r + a lb «m 2 a
The solution is
In general, no shape of a crack exists which is consistent with the assumed functional form of equation (33) for the compliance coefficients. (An exception is the case of a very shallow crack, l/h « 1, having depth I proportional to (1 -X 2 ) 1 / 4 .) However, the approximation so much reduces the complexity of the problem that it is well worth examination. Two methods for the choice of ax/ suggest themselves. The simplest is to identify «x/ with the value of ax/X) at X -0, «x/ = ax M (0) (37)
A slightly more complicated method is to choose ax/ so that both sides of equation (33) agree in an integrated average along the length of the discontinuity, and this gives
In fact, this latter method of choosing ax/ is suggested by quite different considerations: Let us make no assumptions about the variation of axpc with X. Rather, consider the variational formulation of the problem, as in the last section, and let us minimize fl on the class of functions a = constant and mconstant along the discontinuity. It may be seen that <r and rn then satisfy equations (34), so that the solution is as in equations (35), provided that the symbols ax/ are defined just as in equation (38). We shall compare this simple approximation with numerical solutions of the integral equations, as discussed later.
Numerical Solution of Integral Equations
A numerical formulation is developed here for the case in which the part-through crack is semielliptical in shape,
The compliance coefficients are therefore, from equations (15) 
and a similar form applies for the second integral equation. The integrations were done by standard numerical routines, except for those intervals where G(X k , X) is singular. In these intervals the singular part of the kernel, log \X h -X|, was separated out and integrated in closed form, whereas the remainder of the kernel was integrated numerically. A special interpretation must be made of equation (41) 
Thus the discretized equation which replaces equation (41) when
The condition expressed by equation (43) has a simple interpretation: Looking back to equations (21) and (24) for the com- Stress-intensity factor at midpoint of the part-through crack, for pure tensile load <r" on plate in Fig. 1 (i. e., nta, = 0). The crack is assumed to be semielliptical in shape, with depth l0 at its midpoint and surface length 2a. The stress-intensity factor is made dimensionless through division by its value for a ->• co (corresponding to edge crack of depth (o in a strip under plane strain). plex potentials, #,(z) and <£ 6 (z), we see that equation (43) is the condition for those potentials to remain bounded at the ends of the line of discontinuity. Hence the thickness average stresses c a/ 3 and moments m a p will be bounded at the ends of the line of discontinuity. In fact, this same conclusion may be shown to follow if the depth of the part-through crack approaches zero at the ends as
where q is any positive number exceeding 1/4.
Results
Results presented in Figs. 6-10, from numerical solution of the integral equations, are based on the 14 spacings (and thus 30 unknown nodal values) shown in Fig. 5 . The finer subdivisions were employed near the ends since preliminary solutions revealed large gradients in <r and m there. Doubling the number of subdivisions makes for less than 1 percent difference in results for cr 0 and m 0 (from which we compute the stress-intensity factor at the crack midpoint Xi = 0), although values of a n and m" change by as much as 7-15 percent. Calculations were performed on the IBM 360/67 at Brown University. Two solutions were run for each geometric configuration studied, one for the case of a pure tensile load (a" = 1, m" = 0) and one for a pure bending load (u" = 0, m" =1).
According to equation (6) , the stress-intensity factor at the crack midpoint is given in terms of cr 0 and m 0 by
g t and g b being evaluated for the midpoint depth ratio, lo/h. In presenting numerical results we make K dimensionless through division by K^, the stress-intensity factor of the edge crack in plane strain for the same l 0 /h ratio and remote tensile or bending load. This is, of course, the limiting value of K for the partthrough crack as the surface length becomes infinite. Fig. 6 shows K/K^ for a pure tensile load, as a function of the dimensionless crack depth (lo/h) and surface length (2a/h); Fig. 7 presents the same for a pure bending load. One notable feature of the results is that a very large surface length is necessary (for moderate to deep crack depths) for the part-through crack stress-intensity factor to approach that of the plane-strain edge crack in a strip. Evidently, the part-through crack causes substantial load shedding to uncracked regions of the plate, as a consequence of the localized increase in elastic compliance at the cracked section. (35) and (38) (dashed lines). This figure is for the pure tensile load case. Similar but slightly smaller discrepancies result between the two in the pure bending case. Thus, while the errors of the approximation are not small, its use may be recommended both for its simplicity and for its giving a conservative overestimate to the intensity factor. Fig. 9 shows the variation of <r and m with distance from the crack midpoint for the case of a pure tensile load. These results are for U/h = 1/2, and for several values of 2a/h. Fig. 10 shows the same for a pure bending load. It is interesting to note that the purebe nding load induces little nominal tensile stress on the cracked section, while the pure tensile load induces a significant nominal bending stress. Values of <r and matl = 1 indicate (in a thickness averaged sense) the severity of the stress concentration at the ends of the part-through cracked section. Our use of the two-dimensional plane-stress and plate-bending theories is based on the assumption that the surface length of the crack exceeds, say, two or more plate thicknesses. Smith, et al. [8] have treated the part-through crack problem making use of approximate solutions of the three-dimensional elastic field equations, and gave results for cracks with 2a/h ^ 1. Their analysis modeled the semielliptical surface crack as a crack in the form of an arc of a circle, and was phrased in terms of correction factors, first suggested by Irwin [9] , on the embedded elliptical crack solution [10] to account for (a) the presence of the free surface through the crack plane and (b) the finite thickness of the plate. fall between the other two methods of matching surface length or crack area in addition to midpoint depth.) It is apparent that our model may readily be extended to partthrough cracks in curved shell structures, resulting in analyses within the framework of two-dimensional shell theory. This is a great simplification, to be exploited in future work. Further, a similar model will allow treatment of part-through cracks in ductile plates or shells for which a segment of the part-cracked section is completely yielded. The simplest treatment would employ an elastic-perfectly plastic line spring, with results of plane-strain plastic limit analyses for the strip in Fig. 2 employed to obtain values of u and m corresponding to yield.
Upon comparing this to equation (48), we can see that O must be set equal to the quantity in {...}, in equation (53), if we are to estimate 0 from the variation in potential energy. But looking back to equations (11) and (12), we see that the derivatives of the compliance coefficients have been defined such that the quantity in {. . .} is simply the value for O which results when the stress-intensity factor is written as in equation (6) for the planestrain problem. Thus we see that the method adopted in the paper, for relating K to the force and moment acting on the line of discontinuity, is entirely equivalent to a method based on the relation between K and the potential energy variation with respect to crack depth.
